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Abstract
A finite group G is called an ah-group if any two distinct conjugacy classes of G have distinct
cardinality. We show that if G is an ah-group, then the non-abelian socle of G is isomorphic to one
of the following:
1. Aa5, for 1 a  5, a = 2.
2. A8.
3. PSL(3,4)e , for 1 e  10.
4. A5 × PSL(3,4)e , for 1 e  10.
Based on this result, we virtually show that if G is an ah-group with π(G)  {2,3,5,7}, then
F(G) = 1, or equivalently, that G has an abelian normal subgroup.
In addition, we show that if G is an ah-group of minimal size which is not isomorphic to S3, then
the non-abelian socle of G is either trivial or isomorphic to one of the following:
1. Aa5, for 3 a  5.
2. PSL(3,4)e , for 1 e  10.
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1. Introduction
Even in the first days of group theory, it was recognized that understanding conjugacy
classes is essential to the investigation of groups. One of the first major results regarding
conjugacy classes is due to Landau [13], who showed that for some given natural number r ,
the equation
1 =
r∑
i=1
1
mi
when mr are natural numbers, has a finite number of solutions. By setting mi = |CG(gi)|
where gi are representatives of the conjugacy classes of a finite group G, then the class
equation
1 =
r∑
i=1
1
|Cg(gi)|
is such an equation. Therefore, for given r , the number of finite groups with r conjugacy
classes in bounded.
An interesting family of questions arises: In what way does the numerical information
about conjugacy classes of a finite group (the number of classes and their sizes) affect its
structure?
We give some examples of such results:
• Burnside [2] has the following results:
− A simple group has no conjugacy class of prime power size. It is worth mentioning
that upto now there is no known way to prove this result without the use of character
theory.
− A classification of all groups G with a conjugacy class of size |G|/2.
− A classification of all groups with upto 5 conjugacy classes.
• Poland [17] extends Burnside’s work and classifies all groups with upto 8 conjugacy
classes, drastically lowering Landau’s original bound for these cases.
• Ito has the following results:
− In [8] it is shown that any group with only one possible conjugacy class size other
than 1 is nilpotent.
− In [9] it is shown that any group with only two possible conjugacy class sizes other
than 1 is solvable.
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size other than 1 is isomorphic to SL(2,2m) for some m 2).
• Mann [14] classified all groups in which the two largest conjugacy class sizes are
consecutive integers.
In 1973, F.M. Markel [15,16] studied finite solvable groups in which distinct conjugacy
classes have distinct sizes. He proved that if such a non-trivial group is supersolvable, then
it is isomorphic to the symmetric group on 3 letters, S3.
For convenience, we call a group in which distinct conjugacy classes have distinct sizes
an anti-homogeneous group, or simply an ah-group. Markel conjectured that any non-
trivial finite ah-group is isomorphic to S3. We call this conjecture the S3-conjecture.
It is known that in general, normal subgroups and quotients of ah-groups are no longer
ah-groups (as is easily seen in the case of S3), therefore there is no immediate way to use
inductive methods in the solution of the S3-conjecture.
The first step used in classifying ah-groups is the simple fact that any ah-group is a
rational group, meaning a group whose complex characters are all rational-valued. A the-
orem of Gow [6] states that any solvable rational group must be a {2,3,5}-group. The
S3-conjecture has been studied intensively in this case:
• Hayashi [7]: Conjecture verified for solvable groups with abelian Sylow 2-subgroups.
• Gilotti [5]: Conjecture verified for solvable {2,3}-groups and {2,5}-groups.
• Ward [19]: Reverified the conjecture for solvable {2,3}-groups.
• Zhang [20] and Knörr, Lempken and Thielcke [12], independently: Conjecture verified
for all solvable groups.
The goal of this paper is to give the first progress on studying the S3-conjecture for
non-solvable groups. We prove that such a group must have an abelian normal subgroup,
provided that it is not a {2,3,5,7} group. We also show that the structure of the minimal
normal subgroups of an ah-group is very restricted.
We hope that these steps will contribute to the final solution of the conjecture.
2. Preliminaries
2.1. Weighted sets
Definition 2.1. If X is a set and w :X → N, then (X;w) is called a weighted set. w(x) is
called the weight of x .
If X is a set, whose elements are sets, X is considered to be a weighted set by defining
w :A → |A|.
Definition 2.2. A weighted set (X;w) is an ah-set if w is injective.
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by w(A)=∑a∈Aw(a).
We now give a definition that will seem awkward at first, but later will play a very
important role.
Definition 2.3. A weighted set (X;w) is a wah-set if there exists a partition P of X such
that:
1. (∀P ∈ P) (∀x, y ∈ P) w(x)=w(y).
2. (P;w) is an ah-set.
2.2. Definitions
In this paper, all groups are finite. If G is a group, then Gk is the direct power of G
by itself k times (such that G1 = G). Conjugacy classes of Sn are denoted by Ca1,a2,...,an ,
where the series {ai} represents the lengths of the cycles of the elements in the conjugacy
class. We denote by κg the automorphism induced by conjugation with g, i.e., κg(h) :=
hg = g−1hg. The group of permutations on a set A is denoted by Sym(A).
In what follows a pair (G;X) stands for a group G acting on a set X. The default
action of a group on a group is by conjugation. An action (G;X) is said to be k-transitive
if for any two k-tuples (xi)ki=1, (yi)
k
i=1 ∈ Xk of pairwise distinct elements, there exists
an element g ∈ G such that xgi = yi for each i = 1, . . . , k. An action (G;X) is said to
be k-homogeneous if for any two sets A,B ⊆ X such that |A| = |B| = k, there exists an
element g ∈ G such that Ag = B .
If G is a group, g ∈ G, then gG denotes the conjugacy class of g in G. Cla(G) denotes
the set of conjugacy classes of G. If G is a group such that Cla(G) is an ah-set, then G
is called an anti-homogeneous group, or simply an ah-group. We define Cla∗(G) := {C ∈
Cla(G) | 〈C〉 = G}. If G is a group such that Cla∗(G) is an ah-set, then G is called a
*-anti-homogeneous group, or simply a *-ah-group.
If A is a group acting on Cla(G), we define:
ClaA(G) :=
{⋃
CA
∣∣ C ∈ Cla(G)}, Cla∗A(G) := {⋃CA ∣∣C ∈ Cla∗(G)}.
Obviously, for any group G, and N  G, then ClaG(N) ⊆ Cla(G). For any H  G,
define ClaG(H) := ClaNG(H)(H) and Cla∗G(H) := Cla∗NG(H)(H).
For a group G, Aut(G) permutes the conjugacy classes of G. Thus we have a natural ac-
tion of Aut(G) on Cla(G). Since Inn(G) is contained in the kernel of this action, the action
of Out(G) on Cla(G) is well-defined. If H G, then AutG(H) denotes the set of automor-
phisms of H induced by conjugation with elements from NG(H). Obviously, Inn(H) 
AutG(H)  Aut(H), and we define OutG(H) = AutG(H)/Inn(H). It is well known that
AutG(H)∼=NG(H)/CG(H) and OutG(H)∼=NG(H)/(HCG(H)). It is immediate that by
setting O := OutG(H), we get ClaO(H)= ClaG(H) and Cla∗O(H)= Cla∗G(H).
Assume G is a group, Φ  Out(G). If C,D ∈ Cla(G), and C ∪ D ⊂ X for some
X ∈ ClaΦ(G), then |C| = |D|, and we say that C and D are fused in ClaΦ(G). This is
equivalent to saying that C and D are in the same orbit of the action of Φ on Cla(G).
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Definition 2.4. A group G is called rational if all its complex irreducible characters are
rational-valued.
Proposition 2.5 [6]. A group G is rational iff for any g ∈ G and n which is co-prime to |G|,
g is conjugate to gn in G.
As an immediate consequence we obtain the following:
Corollary 2.6. All ah-groups are rational groups.
Theorem 2.7 [3,18]. If H is a composition factor of a rational group, then H is isomorphic
to one of the following:
1. A cyclic group of order 2, 3, 5.
2. An alternating group An, for n 5.
3. PSp4(3).
4. Sp6(2).
5. O+8 (2)′.
6. PSL3(4).
7. PSU4(3).
As an immediate consequence we obtain the following:
Corollary 2.8. If G is an ah-group, and N is a minimal normal subgroup of G, then N is
isomorphic to Sk , where S is one of the groups in Theorem 2.7.
Proposition 2.9 [6]. Any factor group of a rational group is as well a rational group.
3. Weak anti-homogeneousity
3.1. Definitions and preliminaries
We now give two generalizations of the property of anti-homogeneousity in a way that
characterizes normal and subnormal subgroups of ah-groups.
Definition 3.1. If G is a group, Φ acts on Cla(G), then G is said to be Φ-anti-homoge-
neous, or in short, Φ-ah if ClaΦ(G) is an ah-set. G is said to be Φ-*-anti-homogeneous,
or in short, Φ-*-ah, if Cla∗Φ(G) is an ah-set.
We see that this is a generalization of anti-homogeneousity, since a group G is an ah-
group iff it is {1}-ah. We say that a group G is weakly anti-homogeneous (or a wah-group)
if there exists a group Φ  Out(G) such that G is Φ-ah. We say that a group G is weakly
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It is easy to see that if G is an ah-group, and N G, then ClaG(N) ⊆ Cla(G) and thus,
N is G-ah. Thus we reach the following result:
Proposition 3.2. If G is an ah-group, and N G, then N is OutG(N)-ah. In particular, N
is a wah-group.
Lemma 3.3. Let H G and C =D ∈ ClaG(H) be such that:
1. |C| = |D|.
2. 〈C〉 = 〈D〉 =H .
3. (∀g ∈G) Cg ∩H = ∅ ⇒ Cg ⊂H and Dg ∩H = ∅ ⇒Dg ⊂H .
Then G is not an ah-group.
Proof. Clearly C :=⋃g∈GCg and D :=⋃g∈GDg are conjugacy classes of G. We claim
that C = D but |C| = |D|. It follows from assumptions 2 and 3 that C and D are TI-
subsets3 of G. Therefore |C| = |C|[G : NG(C)], |D| = |D|[G : NG(D)]. It follows from
assumption 2 that NG(C) = NG(H),NG(D) = NG(H). Hence |C| = |D|. On the other
hand, C =D, since otherwise there exists g ∈ G such that Cg ∩D = ∅, thus
Cg ∩D = ∅ ⇒ Cg ∩H = ∅ ⇒ Cg ⊂H ⇒ 〈Cg 〉⊂H ⇒ 〈C〉g ⊂H
⇒ Hg ⊂H ⇒ g ∈NG(H) ⇒ g ∈ NG(C) ⇒ Cg = C
⇒ C ∩D = ∅
which is a contradiction. 
Proposition 3.4. If G is an ah-group, and H is a subnormal subgroup of G, then H is
NG(H)-*-ah. In particular, H is a *-wah group.
Proof. Assume the contrary, meaning there exists C,D ∈ Cla∗G(H) such that |C| = |D|.
To reach a contradiction it is sufficient to show that C and D satisfy the conditions of
Proposition 3.3. The first two conditions are evident, so we need to check only the last one.
Because of symmetry, it is enough to check the condition for C.
Assume that Cg ∩ H = ∅. We will show that g ∈ NG(H), and thus Hg = H , therefore
Cg ⊆Hg =H , as demanded.
Assume, leading towards a contradiction, that g /∈ NG(H), or, equivalently, that
H(g
−1) =H . Then
C ∩ (H ∩H(g−1))= (C ∩H)∩H(g−1) = C ∩H(g−1) = (Cg ∩H )(g−1) = ∅.
3 We use the following definition of a TI-subset: S ⊆G is a TI-subset of G if for all g /∈NG(S), S ∩ Sg = ∅.
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subgroup of G, and consequently of H . Since H ∩ H(g−1) = H , there exists a proper
normal subgroupNH which contains H ∩H(g−1). Thus, C∩N ⊇ C∩(H ∩H(g−1)) = ∅.
Since C is a union of conjugacy classes of H , there exists some C0 ∈ Cla(H) such that
C0 ⊆ C ∩ N ⊆ N . But the fact that C ∈ Cla∗G(H) means that any conjugacy class of H
contained in C generates the whole of H . Thus 〈C0〉 =H . On the other hand, since C0 ⊆
N , then H = 〈C0〉 ⊆N , a contradiction. 
Corollary 3.5. Let G be an ah-group. If N ∼= Sk is a normal subgroup of G and S is
non-abelian simple, then S is OutG(S)-ah. In particular, S is a wah-group.
Proof. Obviously, S is a subnormal subgroup of G. By Proposition 3.4, we see that
Cla∗G(S) is an ah-set. Since S is non-abelian simple, ClaG(S) = Cla∗G(S) ∪ {{1}}, thus
ClaG(S) is an ah-set as well, meaning S is OutG(H)-ah. 
3.2. Simple wah-groups
We now use GAP [4] and the ATLAS [1] to find which of the non-abelian simple groups
in Theorem 2.7 are wah-groups. This, in turn, will reduce the possibilities of normal sub-
groups of type Sn of ah-groups, for S a non-abelian simple group.
Lemma 3.6. If 9 n 17, then An is not a wah-group.
Proof. For each such n, we find C and D of the same size which are both conjugacy
classes of An and of Sn. Thus, we find that An is both not an ah-group and not Out(An)-ah.
Since for these n, Out(An)∼= Z2, this shows that An is not a wah-group.
• For A9, choose C := C2,2,3; D := C2,4; |C| = |D| = 7560.
• For A10, choose C :=C2,4; D := C2,2,2,4; |C| = |D| = 18900.
• For A11, choose C :=C4,4; D := C2,2,2,4; |C| = |D| = 207900.
• For A12, choose C :=C2,6; D := C2,2,3; |C| = |D| = 1663200.
• For A13, choose C :=C2,2,2,2; D := C2,2,2,2,2,2; |C| = |D| = 135135.
• For A14, choose C :=C2,2,2,2,3,3; D := C2,2,2,2,3; |C| = |D| = 12612600.
• For A15, choose C :=C2,2,3,3; D := C2,3,4; |C| = |D| = 75675600.
• For A16, choose C :=C2,2,2,4; D := C2,2,2,2,3; |C| = |D| = 151351200.
• For A17, choose C :=C2,3,4; D := C2,2,2,4; |C| = |D| = 367567200. 
Lemma 3.7. If n 18, then An is not a wah-group.
Proof. For such n, Out(An) ∼= Z2. Thus, it is enough to check that An is not an ah-group
and not Out(An)-ah.
If n is even, then the Sn-classes C2,3,n−6 and C6,n−6 are conjugacy classes of An, and
both have size n!/(6(n− 6)). If n is odd, then the Sn-classes C2,3,5,n−11 and C6,5,n−11 are
conjugacy classes of An and both have size n!/(6 · 5 · (n− 11)). Since these are all both
Sn and An conjugacy classes, they are not fused in ClaOut(An)(An). 
544 Z. Arad et al. / Journal of Algebra 280 (2004) 537–576Lemma 3.8. PSp4(3) is not a wah-group.
Proof. Set S := PSp4(3). The sizes of the conjugacy classes of S:
1,40,40,45,240,270,360,360,480,540,720,720,1440,2160,2160,2160,
2880,2880,3240,5184.
Denote by C1 and C2 the two conjugacy classes of size 720 and by D the conjugacy
class of size 1440.
Now, assume, towards a contradiction, that Φ  Out(S) such that S is Φ-ah. Set
C := ClaΦ(S). C1 and C2 must be fused in C . In addition, D ∈ C , since D has no other con-
jugacy of the same size to fuse with. Thus, C1 ∪ C2,D ∈ C , but |C1 ∪ C2| = |D| = 1440,
a contradiction to S being Φ-ah. 
Lemma 3.9. Sp6(2) is not a wah-group.
Proof. Set S := Sp6(2). Out(S) = 1. Thus, S is a wah-group iff it is an ah-group. But the
sizes of the conjugacy classes of S are:
1,63,315,672,945,2240,3780,3780,7560,7560,10080,10080,11340,
13440,20160,30240,40320,40320,45360,48384,60480,60480,90720,
90720,96768,120960,120960,145152,161280,207360.
We immediately see that S is not an ah-group. 
Lemma 3.10. O+8 (2)′ is not a wah-group.
Proof. Set S :=O+8 (2)′. Out(S) ∼= S3. The sizes of the conjugacy classes of S are:
1,1575,2240,2240,2240,3780,3780,3780,37800,56700,89600,100800,
100800,100800,268800,340200,580608,580608,580608,604800,604800,
604800,806400,806400,806400,806400,907200,907200,907200,1209600,
1209600,1209600,2419200,2419200,2419200,2721600,4838400,5443200,
5443200,6451200,6451200,6451200,7257600,7257600,7257600,7257600,
8709120,8709120,8709120,11612160,11612160,11612160,24883200.
Denote by C1, . . . ,C4 the conjugacy classes of size 806400, by D1,D2,D3 the conju-
gacy classes of size 2419200, and by E1,E2,E3,E4 the conjugacy classes of size 7257600.
Now, assume, leading to a contradiction, that Φ  Out(S) such that S is Φ-ah. Set
C := ClaΦ(S). Either all Ci must be fused in C or WLOG C1,C2,C3 are fused and C4 is
not fused. But |Φ| | 6, thus the orbits of the action of Φ on Out(S) may not be of size 4.
Therefore, we will assume that C1 ∪ C2 ∪ C3 ∈ C . Now, since |D1| = |C1 ∪ C2 ∪ C3| =
2419200, we see that all Di must fuse in C , thus D1 ∪ D2 ∪ D3 ∈ C . Now, by observing
E1, . . . ,E4, we may assume (from the same reasoning of the Ci classes) that E4 ∈ C . This
is a contradiction, since |E4| = |D1 ∪D2 ∪D3| = 7257600. 
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is isomorphic to one of the following:
• An, 5 n 8.
• PSL(3,4).
• PSU(4,3).
4. Characteristically simple normal subgroups of ah-groups
We have just shown that if G is an ah-group, S a non-abelian simple group, Sk ∼=NG,
then S is isomorphic to one of only six possible groups. Our next step is to bound the
possible values of k in this case. This, in turn, bounds the size of the non-abelian socle of
an ah-group.
Throughout this section, G will be an ah-group, Sk = N G, Φ := OutG(N). Thus,
N is Φ-ah.
Since N is Φ-ah, the following condition is satisfied:
(∀C,D ∈ Cla(N)) |C| = |D| ∧ ∣∣CΦ(C)∣∣= ∣∣CΦ(D)∣∣ ⇒ CΦ =DΦ. (1)
We begin with a few preliminaries, all of which are either well known or trivial.
Remark 4.1. We use the following notation for semidirect and wreath products:
• N  Q is the semidirect product consisting of a normal subgroup isomorphic to N
with factor group isomorphic to Q. The elements are treated as ordered pairs (n, q)
such that n ∈N , q ∈Q.
• G  P is the wreath product of G by the permutation group P of degree n. G  P =
(Gn)  P , where P acts on Gn by permuting the coordinates. The elements are de-
scribed as (g1, . . . , gn;π), where gi ∈G, π ∈ P .
Remark 4.2. The following isomorphisms are well known, and we treat each pair of iso-
morphic groups as identical:
1. Inn(N) ∼= Inn(S)k .
2. Aut(N) ∼= Aut(S)  Sk = Aut(S)k  Sk .
3. Out(N) ∼= Out(S)  Sk = Out(S)k  Sk .
We consider elements h ∈ Aut(N) (respectively h ∈ Out(N)) as tuples h = (φ1, . . . ,
φk;π), where φi ∈ Aut(S) (respectively Out(S)) and π ∈ Sk . We denote h◦ = π . The
mapping h → h◦ is an epimorphism from Aut(N) (respectively Out(N)) to Sk . A tuple
(φ1, . . . , φk;π) ∈ Aut(N) acts on Sk according to the following rule:
(t1, . . . , tk)
(φ1,...,φk;π) = ((t π−1 )φ1 , . . . , (t π−1 )φn).1 k
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i = 1, . . . , k. The group Out(N) acts on Cla(N) according to the following rule:
(C1, . . . ,Ck)
(φ1,...,φk;π) = ((C1π−1 )φ1 , . . . , (Ckπ−1 )φn).
We say that a group G is an C-group if G contains three non-trivial conjugacy classes
X,Y,Z whose sizes are pairwise distinct, such that COut(G)(X) = COut(G)(Y ).
Remark 4.3. A5, A6, A7, A8, PSL(3,4), PSU(4,3) are all C-groups. Thus, S is a C-group.
Proof. We explicitly show such conjugacy classes X, Y and Z (see Appendix A):
• For S = A5, X := [(12)(34)]A5, Y := [(123)]A5 , Z := [(12345)]A5; COut(A5)(X) =
COut(A5)(Y )= Out(A5); |X| = 15, |Y | = 20, |Z| = 12.
• For S =A6, X := [(12)(34)]A6, Y := [(1234)(56)]A6, Z := [(123)]A6; COut(A6)(X) =
COut(A6)(Y )= Out(A6); |X| = 45, |Y | = 90, |Z| = 40.
• For S = A7, X := [(12)(34)]A7, Y := [(123)]A7 , Z := [(123)(45)(67)]A7;
COut(A7)(X) = COut(A7)(Y )= Out(A7); |X| = 105, |Y | = 70, |Z| = 210.
• For S = A8, X := [(12)(34)]A8, Y := [(12)(34)(56)(78)]A8, Z := [(123)]A8;
COut(A8)(X) = COut(A8)(Y )= Out(A8); |X| = 210, |Y | = 105, |Z| = 112.
• For S = PSL(3,4), X := 64A, Y := 9A, Z := 16A; COut(PSL(3,4))(X) =
COut(PSL(3,4))(Y )= Out(PSL(3,4)); |X| = 315, |Y | = 2240, |Z| = 1260.
• For S = PSU(4,3), X := 5832A, Y := 1152A, Z := 972A; COut(PSU(4,3))(X) =
COut(PSU(4,3))(Y )= Out(PSU(4,3)); |X| = 560, |Y | = 2835, |Z| = 3360. 
Definition 4.4. A permutation group F  Sn is called an H-group if:(∀A⊆ {1, . . . , n}) (∀i = j ∈ A) (∃u ∈ F) Au = A∧ iu = j ∧ ju = i.
Proposition 4.5. Φ◦ is an H-group.
Proof. By Remark 4.3, S is a C-group. Fix an arbitrary subset A⊆ {1, . . . , k} with |A|> 2.
Let i = j ∈ A be an arbitrary pair of elements. WLOG we may assume that A= {1, . . . , r},
i = 1, j = 2. Consider the following conjugacy classes of Sn:
C = (X,Y,Z, . . . ,Z︸ ︷︷ ︸
r−2
,1, . . . ,1︸ ︷︷ ︸
k−r
), D = (Y,X,Z, . . . ,Z︸ ︷︷ ︸
r−2
,1, . . . ,1︸ ︷︷ ︸
k−r
).
It is evident that |C| = |D|. We will show that |CΦ(C)| = |CΦ(D)|.
Let a = (φ1, . . . , φk;σ) ∈ CΦ(C) be an arbitrary element. Then (Ciσ−1 )φi = Ci for
each 1  i  k. Since the sizes of X,Y,Z,1 are pairwise distinct, we see that 1σ−1 = 1,
2σ−1 = 2, {1, . . . , r}σ−1 = {1, . . . , r}. Furthermore, Xφ1 = X, Yφ2 = Y and Zφi = Z for
each 3 i  r .
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Da = (Y,X,Z, . . . ,Z,1, . . . ,1)(φ1,...,φk;σ) = (Yφ1 ,Xφ2 ,Zφ3, . . . ,Zφr ,1, . . . ,1).
Since COut(S)(X) = COut(S)(Y ) and φ1 ∈COut(S)(X), φ2 ∈ COut(S)(Y ),(
Yφ1 ,Xφ2 ,Zφ3, . . . ,Zφr ,1, . . . ,1
)= (Y,X,Z, . . . ,Z,1, . . . ,1).
Therefore, a ∈ CΦ(D). Thus, we have shown that CΦ(C) ⊆ CΦ(D). By symmetry, we
see that CΦ(C)= CΦ(D).
Now according to (1), CΦ = DΦ , therefore there exists b = (ψ1, . . . ,ψk; τ ) ∈ Φ such
that Cb = D, or equivalently, (∀i) (C
iτ
−1 )ψi = Di . Since |C1| = |Di | for all i = 2, we see
that 1τ−1 = 2. Analogously 2τ−1 = 1 and {1, . . . , r}τ−1 = {1, . . . , r}. 
Proposition 4.6. Φ◦ = Sk .
Proof. Assume, leading towards a contradiction, that Φ◦ = Sk . In addition, Φ◦ ∼=
G/NCG(N), thus it is a rational group. By Proposition 4.5, Lemma B.3, and Proposi-
tion B.6, we see that Φ◦ = Y2 and k = 6. By Corollary 3.11, S is isomorphic to one of the
following groups: A5, A6, A7, A8, PSL(3,4), PSU(4,3). So, we split the proof according
to the isomorphism type of S.
1. If S = A5, define X := C3 = (123)A5 , Y := C2,2 = [(12)(34)]A5. By Appendix A.1,
we see that both X and Y are of distinct size, thus COut(S)(X)= COut(S)(Y )= Out(S).
Now, observe that for the conjugacy classes
C := (X,X,X,X,Y,Y ), D := (X,X,X,Y,Y,Y )
it holds that CΦ = CΦ◦ and DΦ = DΦ◦ . Since Y2 is both 2- and 3-homogeneous,
CΦ = CS6 and DΦ = DS6 . Now, simple combinatorical calculations show that⋃
φ∈Φ Cφ and
⋃
φ∈Φ Dφ are distinct conjugacy classes of the same size.
2. If S = A6, define X := C2,2 = [(12)(34)]A6, Y := C4,2 = [(1234)(56)]A6. By Appen-
dix A.1, we see that both X and Y are of distinct size, thus COut(S)(X) = COut(S)(Y )=
Out(S).
Now, observe the conjugacy classes
C := (X,Y,1,1,1,1), D := (X,X,1,1,1,1).
CΦ = CΦ◦ and DΦ = DΦ◦ . Since Y2 is 2-transitive, CΦ = CS6 and DΦ =DS6 . Now
simple combinatorical calculations show that
⋃
φ∈Φ Cφ and
⋃
φ∈Φ Dφ are distinct
conjugacy classes of the same size.
3. If S ∈ {A7,A8,PSL(3,4),PSU(4,3)}, then by Appendix A, we may choose conjugacy
classes X1, . . . ,X6 such that XOut(S)i =XOut(S)j , COut(S)(X1)= COut(S)(X2)= Out(S).
Consider two conjugacy classes of S6:
C := (X1,X2, . . . ,X6), D := (X2,X1, . . . ,X6).
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C we see that σ is the identity and φi ∈COut(S)(Xi). Since COut(S)(X1) = COut(S)(X2),
we see that Da = D. Thus we have shown that COut(S6)(C) = COut(S6)(D). Now it
follows from (1) that D ∈CΦ .
Therefore, there exists some b = (φ1, . . . , φ6;σ) ∈ Φ such that Cb = D. Arguing as
above we obtain that σ is a transposition, but a simple check using GAP shows that Y2
does not contain any transposition. 
Proposition 4.7. Assume that S has two conjugacy classes X and Y such that XOut(S) =
YOut(S) and M := COut(S)(X) = COut(S)(Y ) is of index at most two. Set
u := |X|
gcd(|X|, |Y |) , v :=
|Y |
gcd(|X|, |Y |) .
Then k  u+ v − 2.
Proof. Denote p = [Out(S) : M]. Since M  Out(S) and, thus, Mk  Out(Sk), we may
define the natural projection ∗ : Out(Sk) → Out(Sk)/Mk . Since Out(Sk)/Mk ∼= Zp  Sk ,
then Φ∗  Zp  Sk . In addition, Φ◦ is the image of Φ∗ by the natural projection onto Sk .
Step 1. Define C := (X, . . . ,X︸ ︷︷ ︸
a
, Y, . . . , Y︸ ︷︷ ︸
b
,1, . . . ,1︸ ︷︷ ︸
k−a−b
). Then
∣∣CΦ ∣∣= pa+b k!
a!b!(k − a − b)! .
Proof. Consider the action of Out(Sk) on the following conjugacy classes of Sk : C :=
{(Z1, . . . ,Zk) | Zi ∈ XOut(S) ∪ YOut(S) ∪ {1}}. Since Mn is in the kernel of this action, we
obtain the action of Out(Sn)/Mn ∼= Zp Sk on C . It is easy to check that the action of Zp Sk
on C is isomorphic to the action defined in Proposition B.9. In addition, by Proposition 4.6,
Φ◦ = Sk . Since Sk is Φ-ah, then the orbits of this action must have distinct sizes. Thus, by
Proposition B.9, we see that the orbit of Φ∗ (or equivalently Φ) on C consists of all con-
jugacy classes D = (D1, . . . ,Dk) with a coordinates belonging to XOut(S), b coordinates
belonging to YOut(S), and k − a − b coordinates are 1. A simple combinatorical counting
yields the result. 
Step 2. k  u+ v − 2.
Proof. Denote d = gcd(|X|, |Y |). Then |X| = ud , |Y | = vd . Assume, leading towards a
contradiction, that k  u+ v − 1. Consider the conjugacy classes C and D of Sk :
C := (X, . . . ,X︸ ︷︷ ︸
u
,Y, . . . , Y︸ ︷︷ ︸
v−1
, 1, . . . ,1︸ ︷︷ ︸
k−u−v+1
),
D := (X, . . . ,X︸ ︷︷ ︸, Y, . . . , Y︸ ︷︷ ︸, 1, . . . ,1︸ ︷︷ ︸).
u−1 v k−u−v+1
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φ∈Φ
Cφ
∣∣∣∣= |C|∣∣CΦ ∣∣= |X|u|Y |v−1pu+v−1 k!u!(v − 1)!(k − u− v + 1)! ,∣∣∣∣ ⋃
φ∈Φ
Dφ
∣∣∣∣= |D|∣∣DΦ ∣∣= |X|u−1|Y |vpu+v−1 k!(u− 1)!v!(k − u− v + 1)! .
A direct check shows that
⋃
φ∈Φ
Cφ,
⋃
φ∈Φ
Dφ ∈ ClaG(N) ⊆ Cla(G) and
∣∣∣∣⋃
φ∈Φ
Cφ
∣∣∣∣=
∣∣∣∣⋃
φ∈Φ
Dφ
∣∣∣∣,
which is a contradiction. 
Corollary 4.8.
1. S ∼=A5 ⇒ k  5.
2. S ∼=A6 ⇒ k  1.
3. S ∼=A7 ⇒ k  1.
4. S ∼=A8 ⇒ k  1.
5. S ∼= PSL(3,4)⇒ k  10.
6. S ∼= PSU(4,3)⇒ k  1.
Proof.
1. For A5, choose X := C3 = (123)A5 , Y := C2,2 = [(12)(34)]A5. It is easy to see
by Appendix A.1 that X and Y are both of distinct size, and thus COut(S)(X) =
COut(S)(Y ) = Out(S). |X| = 20, |Y | = 15. Thus, u = 20/5 = 4, v = 15/5 = 3, and
k  u+ v − 2 = 4 + 3 − 2 = 5.
2. For A6, choose X := C2,2 = [(12)(34)]A6, Y := C4,2 = [(1234)(56)]A6. It is easy to
see by Appendix A.2 that X and Y are both of distinct size, and thus COut(S)(X) =
COut(S)(Y ) = Out(S). |X| = 45, |Y | = 90. Thus, u = 45/45 = 1, v = 90/45 = 2, and
k  u+ v − 2 = 1 + 2 − 2 = 1.
3. For A7, choose X := C2,2 = [(12)(34)]A7, Y := C3,2,2 = [(123)(45)(67)]A7. It is easy
to see by Appendix A.3 that X and Y are both of distinct size, and thus COut(S)(X) =
COut(S)(Y ) = Out(S). |X| = 105, |Y | = 210. Thus, u = 105/105 = 1, v = 210/105 =
2, and k  u+ v − 2 = 1 + 2 − 2 = 1.
4. For A8, choose X := C2,2,2,2 = [(12)(34)(56)(78)]A8, Y := C2,2 = [(12)(34)]A8 . It
is easy to see by Appendix A.4 that X and Y are both of distinct size, and thus
COut(S)(X) = COut(S)(Y ) = Out(S). |X| = 105, |Y | = 210. Thus, u = 105/105 = 1,
v = 210/105 = 2, and k  u+ v − 2 = 1 + 2 − 2 = 1.
5. For PSL(3,4), choose X := 7A, Y := 5A. It is easy to see by Appendix A.5 that
XOut(S) = {7A,7B} and YOut(S) = {5A,5B}. |X| = 2880, |Y | = 4032. Thus, u =
2880/576 = 5, v = 4032/576 = 7, and k  u+ v − 2 = 5 + 7 − 2 = 10.
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X and Y are both of distinct size, and thus COut(S)(X) = COut(S)(Y ) = Out(S). |X| =
204120, |Y | = 408240. Thus, u = 204120/204120= 1, v = 408240/204120= 2, and
k  u+ v − 2 = 1 + 2 − 2 = 1. 
We can sum up the results we have reached so far:
Theorem 4.9. If G is an ah-group, then the non-abelian socle of G is isomorphic to
Aa5 ×Ab6 ×Ac7 ×Ad8 × PSL(3,4)e × PSU(4,3)f
where 0 a  5, 0 b 1, 0 c 1, 0 d  1, 0 e 10, 0 f  1.
5. Weighted actions
5.1. Basic definitions
In this section, we give a general context in which it is more convenient to study sev-
eral types of weak anti-homogeneousity. This is used to simplify computer calculations of
relevant issues.
Definition 5.1. If G is a group acting on a weighted set (X;w), then (G;X;w) is called a
weighted action if for all g ∈ G and x ∈ X, w(xg) =w(x). Equivalently, w is constant on
orbits of (G;X).
The definition of isomorphism between weighted actions is obvious.
If not specified otherwise, we consider an action (G;X) as a weighted action by setting
w(x)= 1, x ∈X.
We denote the set of orbits of an action (G;X) asO(G;X). We extend the definition of
w onto subsets of X as follows: if A⊆X, then w(A) =∑a∈Aw(a).
Definition 5.2. If a = (G;X;w) is a weighted action, then a is said to be an ah-action, if
(O(G;X);w) is an ah-set.
Obviously, if (G;X;w) is a weighted action, and H G, then (H ;X;w) is a weighted
action as well.
Definition 5.3. If a = (G;X;w) is a weighted action, then a is said to be a sub-ah-action,
or simply sub-ah if there exists some H G such that (H ;X;w) is an ah-action.
Proposition 5.4. If (G;X;w) is sub-ah, then (X;w) is a wah-set.
Proof. Let H G such that (H ;X;w) is an ah-action. Now O(H ;X) is exactly the re-
quired partition. 
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in which the relative ease of checking if a set is a wah-set will give us strong results.
Example 5.5. Let K be a group. Define G := Out(K), X := Cla(K). Define w :X →
N :C → |C|. Now, clearly, cla(G) := (G;X;w) is a weighted action, and cla(G) is an
ah-action iff K is Out(K)-ah, and cla(G) is sub-ah iff K is a wah-group.
Define X′ := Cla∗(K). Then, clearly, cla∗(K) := (G;X′;w) is a weighted action.
cla∗(K) is an ah-action iff K is Out(K)-*-ah, and cla∗(K) is sub-ah iff K is a *-wah
group.
Proposition 5.6. Let (G;X;w) be a weighted action, H G, g ∈ G. Then (H ;X;w) is
an ah-action iff (Hg;X;w) is an ah-action.
Proof. We will define a weight-preserving bijection between O(H ;X) and O(Hg;X),
thus reaching the required result.
Define φg :O(H ;X)→O(Hg;X) by xH → (xg)(Hg) = xHg = (xH )g .
1. φg is well-defined: If xH = yH then y = xh and (yH)g = (xhH )g = (xH )g .
2. φg is bijective: It is easy to see that φ(g−1) is the inverse of φg .
3. φg is weight-preserving: w(xH ) = w(x)|xH |. w((xH )g) = w(xg) · |(xH)g | =
w(x)|xH |. 
Lemma 5.7. For any x ∈X and h ∈ H , w(xN)=w(xNh).
Proof. Since xN,xNh ⊆ xH , then all the elements of both xN and xNh have the same
weight. Therefore, it is enough to show that |xN | = |xNh|. And indeed, since the action
y → yh is a permutation of X, this is evident. 
Proposition 5.8. Let (G;X;w) be a weighted action, and N H G. If (N;X;w) is an
ah-action, then (H ;X;w) is an ah-action.
Proof. We will show that O(N;X) =O(H ;X), thus immediately reaching the result.
The sets xNh, h ∈H are N -orbits of the same weight (Lemma 5.7). Since (N;X;w) is
an ah-action, the orbits xNh, h ∈H are equal. Thus xN = xH for each x ∈ X. 
Recall that a subgroup H G is called self-normalized if NG(H)=H .
Corollary 5.9. If (G;X;w) is sub-ah, then there exists a self-normalized subgroup H G
such that (H ;X;w) is an ah-action.
Proof. If (G;X;w) is sub-ah. Choose H to be a subgroup of G of maximal size such that
(H ;X;w) is an ah-action. Since H NG(H), then by Proposition 5.8, (NG(H);X;w) is
an ah-action as well, thus, by the maximality of H , we see that NG(H)=H . 
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of self-normalized subgroups is usually much smaller than the number of subgroups, and
there are even less once we consider subgroups up to a conjugacy.
5.2. Constructions
5.2.1. Products
Based on much of the theory created in this paper, checking if a given weighted action
(specifically cla(G) and cla∗(G)) is sub-ah is very important for many results. In this sec-
tion, we give ways to construct these weighted actions for certain groups, which will in
turn give a simple way to implement such checks in GAP.
Definition 5.10. If a = (G;X;w) and b = (H ;Y ;u) are weighted actions, then define
a⊗ b = (G×H ;X× Y ; v) where G×H acts on X × Y coordinate-by-coordinate, and v
is defined by (x, y) → w(x)u(y). We call this the direct product of a and b.
Remark 5.11. If G and H are groups, then:
1. cla(G×H)∼= cla(G)⊗ cla(H).
2. cla∗(G×H)∼= cla∗(G)⊗ cla∗(H).
Definition 5.12. If a = (G;X;w) is a weighted action and P is a permutation group of
degree n, then define a  P = (G  P,Xn,u), where G  P acts on Xn via
(x1, . . . , xn)
(g1,...,gn;π) = ((x1π−1 )g1, . . . , (xnπ−1 )gn)
and u is defined as u(x1, . . . , xn) :=w(x1) · · ·w(xn). We call this the wreath product of a
with P .
Remark 5.13. If G is non-abelian simple, then
1. cla(Gn) ∼= cla(G)  Sn.
2. cla∗(Gn) ∼= cla∗(G)  Sn.
Definition 5.14. Let a = (G;X;w) be a weighted action, and N G. Define
a/N := (G/N,O(N;X);w).
Proposition 5.15. If a = (G;X;w) is a weighted action, and N  G, then a/N is a
weighted action.
Proof. We need to show that if x ∈ X and g ∈ G, then w((xN)gN) =w(xN). Indeed,
w
((
xN
)gN)=w((xN )Ng)=w(((xN )N )g)=w((xN)g)=w(xN)
where the last equality is true because w is constant on G-orbits. 
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1. (G;X;w)/N is an ah-action iff (G;X;w) is an ah-action.
2. (G;X;w)/N is sub-ah iff there exists some H such that N H G and (H ;X;w)
is an ah-action.
5.2.2. norm(N,g)
Within this section we assume that G is a group, N is an arbitrary normal subgroup
of G, and g an arbitrary element of G.
Lemma 5.17.
1. NG(gN)/N = CG/N(gN).
2. gG ∩ gN = gNG(gN).
Proof.
1. x ∈NG(gN) ⇔ x(gN) = (gN)x ⇔ (xN)(gN) = (gN)(xN) ⇔ xN ∈CG/N(gN).
2. If x ∈ NG(gN), then gx ∈ gN , and therefore gNG(gN) ⊆ gN . Together with the trivial
inclusion gNG(gN) ⊆ gG, we obtain gNG(gN) ⊆ gG ∩ gN .
To prove the other direction, let x ∈ gG∩gN . Then x = gy for some y ∈ G. Therefore,
gyN = xN = gN , meaning (gN)y = gN , or in other words, y ∈ NG(gN). Thus, x =
gy ∈ gNG(gN). 
Lemma 5.18.
∣∣(gN)G/N ∣∣= |gG||gNG(gN)| .
Proof.
∣∣(gN)G/N ∣∣= |G/N ||CG/N(gN)| = |G||NG(gN)| .
In addition, the inclusion CG(g)NG(gN) implies that CNG(gN)(g) = CG(g), and, there-
fore |gNG(gN)| = |NG(gN)|/|CG(g)|. Thus
∣∣(gN)G/N ∣∣= |G||NG(gN)| = |G||gNG(gN)||CG(g)| =
|gG|
|gNG(gN)| . 
Proposition 5.19. If G is an ah-group, then (NG(gN);gN) is an ah-action.
Proof. Let x, y ∈ gN such that |xNG(gN)| = |yNG(gN)|. By Lemma 5.18,
∣∣xG∣∣= ∣∣(xN)G/N ∣∣∣∣xNG(xN)∣∣, ∣∣yG∣∣= ∣∣(yN)G/N ∣∣∣∣yNG(yN)∣∣.
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The last proposition is very strong, yet in its current status it is hardly exploitable, since
we do not know anything of the structure of G. Yet, by introducing improved results based
only on the structure of N , we may study possible normal subgroups of ah-groups, as we
shall soon see.
Define xˆ := κx |gN . Then
N̂  N̂G(gN) Sym(gN).
Thus,
N̂  N̂G(gN)NSym(gN)
(
N̂
)
.
We define
Norm(N,g) :=O(N;gN) and norm(N,g) := (NSym(gN)(N̂);gN)/N̂.
(NG(gN);gN) is an ah-action, thus (N̂G(gN);gN) is an ah-action as well. Thus, we
see that:
Proposition 5.20. If G is an ah-group, then norm(N,g) is sub-ah, and thus Norm(N,g)
is a wah-set.
Again, we cannot use this immediately, but we shall soon see that we may partially
understand the structure of Norm(N,g) (not norm(N,g)) without knowing the structure
of G. Gladly enough, this partial understanding is just what we need.
The following proposition gives us a simple way (in terms of computability) of con-
structing Norm(N,g).
Proposition 5.21. Norm(N,g) = {C ∈ Cla(〈N,g〉) | C ⊆ gN}.
Proof. Consider an arbitrary gn ∈ gN . Then (gn)g = ng = (gn)n−1 . Thus, (gn)〈g〉 ⊆
(gn)N . Therefore,
(gn)N ⊆ (gn)〈N,g〉 = ((gn)〈g〉)N ⊆ (gn)N .
We have just shown that (gn)N = (gn)〈N,g〉, thus proving the result. 
Proposition 5.22. Define g˜ := κg |N . If Z(N) = 1 then
(N;gN) ∼= (N˜; g˜N)= (Inn(N); g˜Inn(N)).
Proof. Immediate. 
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reach the following:
Proposition 5.23. Assume that G is an ah-group. Denote by R(N) the intersection of
all rational groups R between Inn(N) and Aut(N) such that N is R-ah. Then for every
α ∈R(N), Norm(Inn(N),α) is a wah-set.
Proof. Since AutG(N) ∼=G/CG(N), then by Proposition 2.9, AutG(N) is a rational group,
and obviously N is AutG(N)-ah. Thus α ∈R(N)  AutG(N). Choose some g ∈ G such
that g˜ = α. Now, Norm(N,g) = Norm(Inn(N),α) 
6. The structure of the non-abelian socle of an ah-group
We now combine all of the results we have reached so far to restrict the possible non-
abelian socles of an ah-group.
Proposition 6.1. Assume that G is an ah-group, N G. Then N is not isomorphic to any
of the following:
1. A5 ×A5.
2. A6.
3. A7.
4. PSU(4,3).
Proof. We will show that for any N ∈ {A5 × A5,A6,A7,PSU(4,3)}, there exists some
σ ∈R(N) such that Norm(Inn(N),σ ) is not a wah-set. We make use of Proposition 5.21
for simpler computation.
1. For N = A5 × A5, using GAP we calculate that S5 × S5 ⊆ R(N). Choose σ =
((12), (12)). Using GAP we find that the sizes of the elements of Norm(Inn(N),σ )
are:
100,200,200,300,300,400,600,600,900.
Since there are two elements of size 200 and only one of size 400, we deduce that
Norm(Inn(N),σ ) is not a wah-set.
2. For N = A6, using GAP we calculate that R(N) = Aut(N). Choose σ ∈ Aut(N) such
that
σ :
(123) → (163)(254),
(123)(456) → (136).
Using gap we find that the sizes of the elements of Norm(Inn(N),σ ) are:
90,90,180.
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3. For N = A7, using GAP we calculate that R(N) = S7. Choose σ = (12). Using GAP
we find that the sizes of the elements of Norm(Inn(N),σ ) are:
21,105,210,420,420,504,840.
Since there are two elements of size 420 and only one of size 840, we deduce that
Norm(Inn(N),σ ) is not a wah-set.
4. For N = PSU(4,3), using GAP we calculate that R(N) = 〈αβ,β2〉 (see Appen-
dix A.6). Choose σ to be some representative of αβ in Aut(N). Using GAP we find
that the sizes of the elements of Norm(Inn(N),σ ) are:
4536,68040,68040,204120,272160,272160,362880,544320,653184,816480.
Since there are two elements of size 272160 and only one of size 544320, we deduce
that Norm(Inn(N),σ ) is not a wah-set. 
Proposition 6.2. The following groups are not *-wah groups.
1. A5 ×A8.
2. A8 × PSL(3,4).
3. A35 × PSL(3,4).
Proof. We have seen that a group K is *-wah iff cla∗(K) is sub-ah. For each group K in
the list, we give an ah-action a which is isomorphic to cla∗(K) and use our GAP program
to prove that a is not sub-ah (see Appendix C.1).
1. cla∗(A5 ×A8)∼= cla∗(A5)⊗ cla∗(A8).
2. cla∗(A8 × PSL(3,4))∼= cla∗(A8)⊗ cla∗(PSL(3,4)).
3. cla∗(A35 × PSL(3,4))∼= (cla∗(A5)  S3)⊗ cla∗(PSL(3,4)).
Now, we use the following GAP program (based on our weighted action library)
to prove that all of these weighted actions are not sub-ah. The main function is
WeightedActionTests.
WeightedActionTest := function(desc, WA)
local isSubAH;
Print("Now testing ", desc, ":\n");
isSubAH := WeightedActionIsSubAH(WA);
Print("@@@ Result = ", isSubAH, "\n\n");
end;
WeightedActionTests := function()
local A5ClaS, A8ClaS, PSLClaS;
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A5ClaS := WeightedActionClaStar(AlternatingGroup(5));
Print("Generating weighted action for A8\n");
A8ClaS := WeightedActionClaStar(AlternatingGroup(8));
Print("Generating weighted action for PSL(3,4)\n");
PSLClaS := WeightedActionClaStar(PSL(3,4));
WeightedActionTest("A5xA8", WeightedActionProd(A5ClaS, A8ClaS));
WeightedActionTest("A8xPSL",
WeightedActionProd(A8ClaS, PSLClaS));
WeightedActionTest("A5^3xPSL",
WeightedActionProd(WeightedActionWreathPower(A5ClaS, 3),
PSLClaS));
end; 
7. Final results
Theorem 7.1(A). Let G be an ah-group and let S := soc(G)′ be the derived subgroup of
the socle of G. Then if S is non-trivial, then it is isomorphic to one of the following:
1. Aa5 , for 1 a  5, a = 2.
2. A8.
3. PSL(3,4)e, for 1 e 10.
4. A5 × PSL(3,4)e, for 1 e 10.
Proof. This is immediate from Theorem 4.9, Propositions 6.2, 6.1, and 3.4. 
Proposition 7.2. Let G be an ah-group and let S := soc(G)′ be the derived subgroup of
the socle of G. Assume that S is non-trivial and that F(G) = 1. Then S is isomorphic to
one of the following:
1. PSL(3,4)e, for 1 e 10.
2. A5 × PSL(3,4)e, for 1 e 10.
Proof. Now, we use the following GAP program (based on Appendix C.2) to prove that if
Gk H  Aut(Gk), for
1. G=A5, 1 k  5,
2. G=A8, k = 1,
then H is not an ah-group.
CheckAutomorphismSubgroupsDirectPowerTest := function()
CheckAutomorphismSubgroupsDirectPower(AlternatingGroup(5), 1);
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CheckAutomorphismSubgroupsDirectPower(AlternatingGroup(5), 3);
CheckAutomorphismSubgroupsDirectPower(AlternatingGroup(5), 4);
CheckAutomorphismSubgroupsDirectPower(AlternatingGroup(5), 5);
CheckAutomorphismSubgroupsDirectPower(AlternatingGroup(8), 1);
end; 
Lemma 7.3. Let G be an ah-group and let N G be such that Z(N) = 1. If |OutG(N)| is
either prime or one, then either N or CG(N) are an ah-group.
Proof. Set p = |OutG(N)|. Note that G acts on Cla(N) and Cla(CG(N)) in a natural way.
If either action is trivial, then either ClaG(N) = Cla(N) or ClaG(CG(N)) = Cla(CG(N)),
meaning one of them must be an ah-group.
Thus we may assume that neither of the actions is trivial. Since OutG(N) ∼=G/NCG(N),
we see that [G : NCG(N)] = p > 1, in term leading to the fact that there exists
C ∈ Cla(N),D ∈ Cla(CG(N)) such that |CG| = |DG| = p. Write CG = {C1, . . . ,Cp},
DG = {D1, . . . ,Dp}. In addition,
OutG
(
NCG(N)
)∼=G/NCG(N)CG(NCG(N))∼=G/NCG(N)∼= Zp.
Consider the conjugacy classes of NCG(N) of the form CiDj . There are p2 such classes,
and the orbits of the action of G on these classes must be of size at most p. Thus, there
must be two classes X and Y of such form such that |XG| = |YG| = p and |XG| = |YG|.
This means
⋃
XG and
⋃
YG are distinct conjugacy classes of G of the same size. 
Theorem 7.4(B). Assume that for any 1  e  10, and for any group G such that
PSL(3,4)e  G  Aut(PSL(3,4))  Se , G is not an ah-group. Then any ah-group H has
non-trivial Fitting subgroup.
Proof. Assume, leading towards a contradiction, that F(H) = 1. Denote the non-abelian
socle of H by S. Then, by Proposition 7.2, either S contains A5 or not. Define:
K :=
{
H A5  S,
CH (A5) A5 ⊆ S.
Now, according to Lemma 7.3, K must be an ah-group. The non-abelian socle, of K ,
denoted S0, is isomorphic to PSL(3,4)e for some 1  e  10. In addition, F(K) = 1.
Hence CK(S0) = 1 implying K ∼= K/CK(S0) ∼= AutK(S0). Thus Inn(PSL(3,4)e)  K 
Aut(PSL(3,4)e). By the assumption K cannot be an ah-group, a contradiction. 
Note that the last theorem implies that all there is left in order to prove that any ah-group
has non-trivial Fitting subgroup, is a finite amount of computations. Unfortunately, these
computations have been too heavy for us to complete. Alexander Hulpke is currently work-
ing on a solution to these computations, and we thank him very much for his wonderful
support in this problem in addition to the value of his other contributions to this paper.
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N ×CG(N).
Proof. Well-known. 
Theorem 7.6(C). Let G be a counterexample to the S3-conjecture of minimal order and
let S := soc(G)′ be the derived subgroup of the socle of G. If S is non-trivial, then S is
isomorphic to one of the following:
1. Aa5 , for 3 a  5.
2. PSL(3,4)e, for 1 e 10.
Proof. By Theorem 7.1, all we need to show is that A5 and A8 cannot be normal sub-
groups of G. Indeed, if N  G such that N is isomorphic to A5 or A8, then Z(N) = 1
and Out(N) = 2. Denote K := CG(S). Thus, by 7.3, either N is an ah-group or K is an
ah-group. Since N is not an ah-group, then K is an ah-group.
If K were trivial, then G ∼=G/K ∼= AutG(N), meaning Inn(N)G Aut(N). Neither
A5, S5, A8 nor S8 are ah-groups.
Therefore, K is non-trivial. Since |K| < |G|, K is isomorphic to S3. It follows from
K G, Z(K)= 1 and Out(K)= 1 that G=K ×CG(K) (see Lemma 7.5). Thus, CG(K)
must be an ah-group as well, meaning CG(K) is either trivial or isomorphic to S3. But
N  CG(K), which comes as a contradiction to the size of CG(K). 
Appendix A. Lists of conjugacy classes
This section contains a list of conjugacy classes for some important groups relevant
to this paper. For each conjugacy class the following information is listed: size, size of
centralizer of elements, order of elements, representative (if simply expressed).
In addition, for each group G, some representation of Out(G) is given, and the action
of the generators of Out(G) on the conjugacy classes is described.
These were all calculated using GAP.
A.1. A5
Out(A5)∼= Z2 = 〈α〉.
g |gG| |CG(g)| o(g) (gG)α
() 1 60 1 1
(12345) 12 5 5 (12354)G
(12354) 12 5 5 (12345)G
(12)(34) 15 4 2 [(12)(34)]G
(123) 20 3 3 (123)G
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Out(A6)∼= Z2 × Z2 = 〈α,β〉.
g |gG| |CG(g)| o(g) (gG)α (gG)β
() 1 360 1 1 1
(123) 40 9 3 (123)G [(123)(456)]G
(123)(456) 40 9 3 [(123)(456)]G (123)G
(12)(34) 45 8 2 [(12)(34)]G [(12)(34)]G
(12345) 72 5 5 (12346)G (12346)G
(12346) 72 5 5 (12345)G (12345)G
(1234)(56) 90 4 4 [(1234)(56)]G [(1234)(56)]G
A.3. A7
g |gG| |CG(g)| o(g)
() 1 2520 1
(123) 70 36 3
(12)(34) 105 24 2
(123)(45)(67) 210 12 6
(123)(456) 280 9 3
(1234567) 360 7 7
(1234576) 360 7 7
(12345) 504 5 5
(1234)(56) 630 4 4
A.4. A8
g |gG| |CG(g)| o(g)
() 1 20160 1
(12)(34)(56)(78) 105 192 2
(123) 112 180 3
(12)(34) 210 96 2
(123)(456) 1120 18 3
(1234)(5678) 1260 16 4
(12345) 1344 15 5
(12345)(687) 1344 15 15
(12345)(678) 1344 15 15
(123)(45)(67) 1680 12 6
(1234)(56) 2520 8 4
(1234567) 2880 7 7
(1234568) 2880 7 7
(123456)(78) 3360 6 6
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Out(PSL(3,4))∼= S3 × S2 = 〈(123), (12), (45)〉.
Name |gG| |CG(g)| o(g) (gG)(123) (gG)(12) (gG)(45)
1 1 20160 1 1 1 1
64A 315 64 2 64A 64A 64A
16A 1260 16 4 16B 16B 16A
16B 1260 16 4 16C 16A 16B
16C 1260 16 4 16A 16C 16C
9A 2240 9 3 9A 9A 9A
7A 2880 7 7 7A 7A 7B
7B 2880 7 7 7B 7B 7A
5A 4032 5 5 5A 5A 5B
5B 4032 5 5 5B 5B 5A
A.6. PSU(4,3)
Out(PSU(4,3))∼=D8 = 〈α,β | α2 = β4 = αβαβ = 1〉.
Name |gG| |CG(g)| o(g) (gG)α (gG)β
1 3265920 1 1 1
5832A 560 5832 3 5832A 5832A
1152A 2835 1152 2 1152A 1152A
972A 3360 972 3 972A 972B
972B 3360 972 3 972B 972A
96A 34020 96 4 96A 96A
81A 40320 81 3 81A 81A
72A 45360 72 6 72A 72A
36A 90720 36 6 36A 36B
36B 90720 36 6 36B 36A
27A 120960 27 9 27A 27B
27B 120960 27 9 27D 27C
27C 120960 27 9 27C 27D
27D 120960 27 9 27B 27A
16A 204120 16 4 16A 16A
12A 272160 12 12 12A 12A
8A 408240 8 8 8A 8A
7A 466560 7 7 7B 7A
7B 466560 7 7 7A 7B
5A 653184 5 5 5A 5A
Appendix B. Independent results
This section contains results that have independent interest, yet also have immediate
implications on the results given in this paper.
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Recall the definition of an H-group in Definition 4.4.
Lemma B.1. Let F  Sn be an H-group. Then for any A⊆ {1, . . . , n} the setwise stabilizer
F{A} is (|A| − 1)-homogeneous.
Proof. By Definition 4.4, F{A} acts transitively on A, thus, for any set B of size |A| − 1,
A \B contains a single element. Thus, we immediately reach the required result. 
Definition B.2. A permutation group F  Sn is said to be strongly homogeneous if for any
1 s  n, F is s-homogeneous.
Lemma B.3. Let F  Sn be an H-group. Then F is strongly homogeneous.
Proof. If B and C are two arbitrary subsets of {1, . . . , n} with |B| = |C| = s. We can build
a chain B = B0, . . . ,Bn = C of subsets of {1, . . . , n} such that |Bi ∪ Bi+1| = s + 1. Now,
for each 0  i < t , set A = Bi ∪ Bi+1. Now, by Definition 4.4, there exists an element
fi ∈ F such that (Bi)f = Bi+1. Thus Bf0f1,...,fn = C. 
Definition B.4.
• Y1 := 〈(12345), (2354)〉 ∼= Hol(Z5) = Z5  Z4, the standard permutation representa-
tion of Hol(Z5).
• Y2 := 〈(12)(34)(56), (12345)〉∼= S5, the standard representation of S5 as a 3-transitive
permutation group of degree 6.
Proposition B.5. If F  Sn is strongly homogeneous, then one of the following holds (up
to conjugacy):
1. F = Sn.
2. F =An, n 3.
3. F = Y1, n = 5.
4. F = Y2, n = 6.
5. F = PGL2(8), n= 9.
6. F = PΓ L2(8), n = 9.
Proof. Assume that
F /∈ {An,Sn}. (B.1)
1. If n 7, then GAP yields the result.
2. If n 8, then define t := n/2 4. Clearly, F is t-homogeneous.
(a) If F is t-transitive, then (B.1) leads to t < 6.
(i) If t = 4, then F ∈ {M11,M23}, contrary to n 2t + 1 = 9.
(ii) If t = 5, then F ∈ {M12,M24}, contrary to n 2t + 1 = 11.
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see that t = 4, and since n 2t + 1 = 9, we reach F ∈ {PSL2(8),PΓ L2(8)}. 
Proposition B.6. If F  Sn is strongly homogeneous and F is a rational group, then one
of the following holds (up to conjugacy):
1. F = Sn.
2. F = Y2, n = 6.
Proof. We begin with the results of Proposition B.5.
1. An is known to be non-rational for n 3 (see [3]).
2. Y1 ∼= Z5 Z4 is non-rational, since it has a non-rational homomorphic image, namely,
Z4, which comes as a contradiction to Proposition 2.9.
3. PSL2(8) is not rational, as an immediate check in GAP may show.
4. PΓ L2(8) is not rational, since PΓ L2(8)/PGL2(8) ∼= Z3 is non-rational, which comes
as a contradiction to Proposition 2.9. 
B.2. Subgroups of the semidirect product Z2  Sm
In this section we describe the subgroups of Z2 Sm whose projection on Sm is surjective.
The elements of Z2  Sm will be written as pairs [v,π] where v ∈ Zm2 , π ∈ Sm. We set[v,π]◦ = π . The binary weight of an element v = (α1, . . . , αm) ∈ Zm2 , denoted bw(v), is
defined to be
∑
i αi . The product of elements in Z2  Sm is calculated as follows:
[v,π][w,σ ] = [v +wπ,πσ ].
In what follows sgn(π) ∈ Z2 denotes the sign of a permutation π . We also set:
• {ei | 1 i  n} is the standard basis of Zm2 .
• 1 := (1, . . . ,1) ∈ Zm2 .
• (Zn2)+ := {v ∈ Zn2 | bw(v) = 0}.
• (Z2  Sm)+ := {[v,π] | bw(v)+ sgn(π)≡ 0 (mod 2)}.
• (〈1〉Sm)+ := {[sgn(π)1,π] | π ∈ Sm} Z2  Sm.
Proposition B.7. Assume that m 5. Let H  Z2  Sm be a subgroup such that H ◦ = Sm
and H ∩ Zn2  〈1〉. Then H is conjugate to either Sm, 〈1〉Sm or (〈1〉Sm)+.
Proof. Since H ◦ = Sm, for each π ∈ Sm there exists an element v(π) ∈ Zm2 such that[v(π),π] ∈ H . In particular, H contains the elements
hij :=
[
v(ij), (ij)
]
.
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that
v(ij) ∈ Sp(ei + ej )+
〈1〉. (B.2)
Assume, WLOG, that i = 1 and j = 2. Observe that
w := (h12h34)2 = v(12)+ v(34)(12) + v(12)(12)(34) + v(34)(34).
Now, we see that
w5 = v(12)5 + v(34)(12)5 + v(12)(12)(34)5 + v(34)(34)5
= v(12)5 + v(34)5 + v(12)5 + v(34)5 = 0.
In addition, we see that
w3 = v(12)3 + v(34)(12)3 + v(12)(12)(34)3 + v(34)(34)3
= v(12)3 + v(34)3 + v(12)4 + v(34)4 = v(12)3 + v(12)4. (B.3)
It follows from w ∈ 〈1〉 that w3 =w5 = 0. Replacing 3, 4 by any pair a, b with {a, b} ∩
{1,2} = ∅ we obtain (B.2).
Thus H contains the elements hi := hi,i+1 = [αi(ei + ei+1) + βi1, (i, i + 1)] where
αi,βi ∈ Z2. Now, define a sequence ki :=∑i−1j=1 αj , and a vector k := (w1, . . . ,wn). If we
conjugate H by w, we see that Hw contains the elements
hki = [k,1]hi[k,1] =
[
k + αi(ei + ei+1)+ βi1, (i, i + 1)
][k,1]
= [(k(i,i+1) + k)+ αi(ei + ei+1)+ βi1, (i, i + 1)]
= [(ki+1 + ki)(ei + ei+1)+ αi(ei + ei+1)+ βi1, (i, i + 1)]
= [αi(ei + ei+1)+ αi(ei + ei+1)+ βi1, (i, i + 1)]= [βi1, (i, i + 1)].
Thus, up to conjugacy, H contains [βi1, (i, i+1)], or in other words, for any 1 1 < n,
there exists an element w ∈ 〈1〉 such that [w, (i, i + 1)] ∈ H . We can deduce that
(∀π ∈ Sn)
(∃w ∈ 〈1〉) [w,π] ∈H. (B.4)
In addition, since
H/
(
H ∩ 〈1〉)=H/(H ∩ Zn2)∼=H ◦ = Sn,
we see that |H | = |H ∩ 〈1〉|n!.
Now, consider H ∩ 〈1〉.
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Sn ⊆H , meaning H = Sn〈1〉.
• Assume H ∩ 〈1〉 is trivial. Then |H | = n!, and thus v(π) is unique. By (B.4), we see
that v :Sn → 〈1〉. In addition, it is easy to see that v is a homomorphism, since
[
w(π1),π1
][
w(π2),π2
]= [w(π1)+w(π2)π1,π1π2]= [w(π1)+w(π2),π1π2].
There are only two homomorphisms from Sn into 〈1〉 ∼= Z2, thus either H = Sn or
H = (Sn〈1〉)+. 
Proposition B.8. Let m 5, and let H  Z2  Sn be a subgroup such that H ◦ = Sn. Then
H is conjugate to one of the following:
1. Sn.
2. 〈1〉Sn.
3. (Zn2)+Sn.
4. (〈1〉Sn)+.
5. (Z2  Sn)+.
6. Z2  Sn.
Proof. Set V := H ∩ Zn2 . Then V is an Sn-invariant subspace of Zn2. It is well known that
there are only two such proper subspaces: 〈1〉 and (Zn2)+. If V  〈1〉, then we are done
by Proposition B.7. If (Zn2)+  V , then n!2n−1 divides |H |. Hence one of the following
occurs:
• |H | = n!2n, meaning H = Z2  Sn,
• |H | = n!2n−1, meaning V = (Zn2)+ and [Z2  Sn : H ] = 2. Thus, (Z2  Sn)/H ∼= Z2.
Define φ :Z2 Sn → Z2 to be the natural projection. Set α := φ|Zn2 and β := φ|Sn . Then
φ([v,π]) = α(v)+ β(π) implying
H = Ker(φ)= {[v,π] | α(v) + β(π)= 0}.
Clearly, Ker(α) = Ker(φ) ∩ Zn2 = V . Hence α(v) = bw(v). There are only two possi-
bilities for β : either β is trivial or β = sgn. In the first case H = (Zn2)+Sn, while in the
second one H = (Z2  Sn)+. 
Proposition B.9. Consider the regular weighted action of Z2 on {X,Y }, w(X) =
w(Y ) > 1, and extend this to an action on X := {1,X,Y }, w(1) = 1, where 1 is stabi-
lized by all of Z2. Assume that m  5. Let H  Z2  Sm such that H ◦ = Sm. Assume, in
addition, that (H ;Xm) is an ah-action. Then
(∀v ∈ X n) vH = vSn (B.5)
and H is conjugate to one of the following:
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2. (Z2  Sm)+.
Proof. It is easy to see that if H is either Z2  Sm or (Z2  Sm)+, then (B.5) is satisfied.
According to Propositions 5.6 and B.8, it is enough to show that if H is one of the
following:
1. Sm.
2. 〈1〉Sm.
3. (Zn2)+Sm.
4. (〈1〉Sm)+.
Then (H ;Xm) is not an ah-action.
1. For H = Sm, the orbits {Xm} and {Ym} are of equal size.
2. For H = 〈1〉Sm , set
A := (X,X,1, . . . ,1︸ ︷︷ ︸
m−2
), B := (X,Y,1, . . . ,1︸ ︷︷ ︸
m−2
), C := (Y,Y,1, . . . ,1︸ ︷︷ ︸
m−2
).
Then AH = ASm ∪ CSm and BH = BSm . A simple combinatorical counting yields
|AH | = |BH | = n(n− 1).
3. For H = (Zn2)+Sm, set
A := (X,X, . . . ,X︸ ︷︷ ︸
m−1
), B := (Y,X, . . . ,X︸ ︷︷ ︸
m−1
).
Then AH consists of all the elements in {X,Y }m with an even number of components
equal to Y . On the other hand, BH consists of all the elements in {X,Y }m with an odd
number of components equal to Y .
To show that |AH | = |BH |, define f :AH → BH by (X1, . . . ,Xm) → (Xφ1 , . . . ,Xm),
where φ is the non-identity element of Z2. It is easy to see that f is a bijection.
4. For H = (〈1〉Sm)+. Observe that H  〈1〉Sm. By Proposition 5.8, (〈1〉Sm;X n) must
be an ah-action. But we have shown that this is not the case. 
Appendix C. GAP programs
Many of the results in this paper are done via computer analysis, using GAP. In this
section we explain the details behind these programs.
C.1. Weighted actions
We describe a package of GAP function we have created in order to do calculations
on weighted actions. Specifically, we are able to generate the weighted actions cla(G),
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ah-action or if it is sub-ah.
We give a description of the these functions, and attach the implementation we use.
WeightedActionCla
Creates cla(G) for a given group G.
Syntax: WeightedActionCla( <G> ).
WeightedActionClaStar
Creates cla∗(G) for a given group G.
Syntax: WeightedActionClaStar( <G> ).
WeightedActionIsAH
Checks if a weighted action is an ah-action.
Syntax: WeightedActionIsAH( <WA> ).
WeightedActionRestriction
If WA = (G;X;w) is a weighted action, and H G, this creates (H ;X;w).
Syntax: WeightedActionRestriction( <WA>, <H> ).
WeightedActionIsSubAH
Checks if a weighted action (G;X;w) is sub-ah. This is done by going through all
subgroups H of G (up to conjugacy), and if H is self-normalized, checking if (H ;X;w)
is an ah-action.
For each subgroup H , one of the following is printed:
• Not self-normalized, if H is not self-normalized.
• isAH = false, if H is self-normalized and (H ;X;w) is not an ah-action.
• isAH = true, if H is self-normalized and (H ;X;w) is an ah-action. This will stop
the check.
Syntax: WeightedActionIsSubAH( <WA> ).
WeightedActionProd
Creates the direct product of two weighted actions.
Syntax: WeightedActionProd( <WA1>, <WA2> ).
WeightedActionWreathPower
Creates the wreath product of a weighted action with the permutation group Sk .
Syntax: WeightedActionWreathPower( <WA>, <k> ).
C.1.1. Implementation
MyInverse := function(hom)
local hom2;
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y -> PreImagesRepresentative(hom, y), x -> x^hom);
return hom2;
end;
WeightedActionSimplify := function(WA)
local xs, f, hom, imgHom, set, xsFinal, xsList, fFinal, oldHom,
iso_;
xs := WA.extset;
xsList := List(xs);
f := WA.weight;
hom := ActionHomomorphism(xs);
if not IsInjective(hom) then Error("not injective"); fi;
set := [1..Size(xs)];
imgHom := Image(hom);
xsFinal := ExternalSet(imgHom, set);
fFinal := i -> f(xsList[i]);
if (IsBound(WA.iso)) then
iso_ := CompositionMapping(WA.iso, MyInverse(hom));
else iso_ := IdentityMapping(imgHom);
fi;
return rec(extset := xsFinal, weight := fFinal, iso := iso_);
end;
WeightedActionCla := function(G)
local AutG, InnG, hom, OutG, ClaG, f, ExtSet, act;
AutG := AutomorphismGroup(G);
InnG := InnerAutomorphismsAutomorphismGroup(AutG);
hom := NaturalHomomorphismByNormalSubgroupNC(AutG, InnG);
OutG := Image(hom);
ClaG := ConjugacyClasses(G);
f := C -> Size(C);
act := function(C, alpha)
local aut;
aut := PreImagesRepresentative(hom, alpha);
return ConjugacyClass(G, Representative(C)^aut);
end;
ExtSet := ExternalSet(OutG, ClaG, act);
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weight := f));
end;
ConjugacyClassesStar := function(G)
local C, ClaG, ClaStarG;
ClaG := ConjugacyClasses(G);
ClaStarG := [];
for C in ClaG do
if NormalClosure(G, Subgroup(G, [Representative(C)])) = G then
AddSet(ClaStarG, C);
fi;
od;
return ClaStarG;
end;
WeightedActionClaStar := function(G)
local AutG, InnG, hom, OutG, ClaG, f, ExtSet, act;
AutG := AutomorphismGroup(G);
InnG := InnerAutomorphismsAutomorphismGroup(AutG);
hom := NaturalHomomorphismByNormalSubgroupNC(AutG, InnG);
OutG := Image(hom);
ClaG := ConjugacyClassesStar(G);
f := C -> Size(C);
act := function(C, alpha)
local aut;
aut := PreImagesRepresentative(hom, alpha);
return ConjugacyClass(G, Representative(C)^aut);
end;
ExtSet := ExternalSet(OutG, ClaG, act);
return WeightedActionSimplify(rec(extset := ExtSet,
weight := f));
end;
WeightedActionIsAH := function(WA)
local OW, X, orbitWeights, left, x, O, w, f;
X := WA.extset;
f := WA.weight;
left := Set(X);
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while not IsEmpty(left) do
x := Random(left);
O := Orbit(X, x);
w := Size(O) * f(Representative(O));
if w in orbitWeights then
return false;
else
SubtractSet(left, O);
Add(orbitWeights, w);
fi;
od;
return true;
end;
WeightedActionRestriction := function(WA, H)
#Assuming H is a subgroup of ActingDomain(WA[1])
local X, f, G, act;
X := WA.extset;
f := WA.weight;
G := ActingDomain(X);
act := FunctionAction(X);
return rec(extset := ExternalSet(H, X, act), weight := f);
end;
SelfNormalizedSubgroups := function(G)
local CSG;
Print("CCS...\n");
CSG := ConjugacyClassesSubgroups(G);
Print("filter...\n");
CSG := Filtered(CSG, H -> Size(H) = Index(G, Representative(H)));
Print("done\n");
return List(CSG, Representative);
end;
WeightedActionIsSubAHIso := function(WA, GIso, G_SG)
local G, SG, CSG, H, HG, WAR, i, order, t, j, diff, isWeighted,
small, G2, iso;
G := ActingDomain(WA.extset);
iso := IsomorphismGroups(GIso, Image(WA.iso));
iso := CompositionMapping(MyInverse(WA.iso), iso);
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Error("Not isomorphic");
fi;
Print("Isomorphism done\n");
for i in [1..Size(G_SG)] do
H := Image(iso, G_SG[i]);
WAR := WeightedActionRestriction(WA, H);
isWeighted := WeightedActionIsAH(WAR);
Print(i, "/", Size(G_SG), "; isAH = ", isWeighted, "\n");
Unbind(WAR);
if isWeighted then Unbind(CSG); return true; fi;
Unbind(HG);
Unbind(H);
od;
Unbind(CSG);
return false;
end;
WeightedActionIsSubAH := function(WA)
local G;
G := ActingDomain(WA.extset);
return WeightedActionIsSubAHIso(WA, IdentityMapping(G),
SelfNormalizedSubgroups(G));
end;
WeightedActionProd := function(WA1, WA2)
local G1, G2, X1, X2, f1, f2, G, X, f, p1, p2, act, act1, act2,
ExtSet, iso_, G_, iso_f, e1_, e2_;
X1 := WA1.extset;
X2 := WA2.extset;
f1 := WA1.weight;
f2 := WA2.weight;
G1 := ActingDomain(X1);
G2 := ActingDomain(X2);
act1 := FunctionAction(X1);
act2 := FunctionAction(X2);
G := DirectProduct(G1, G2);
p1 := Projection(G, 1);
p2 := Projection(G, 2);
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act := function(pnt, g)
local g1, g2;
g1 := g^p1;
g2 := g^p2;
return [act1(pnt[1], g1), act2(pnt[2], g2)];
end;
f := pnt -> f1(pnt[1]) * f2(pnt[2]);
ExtSet := ExternalSet(G, X, act);
G_ := DirectProduct(Image(WA1.iso), Image(WA2.iso));
e1_ := Embedding(G_, 1);
e2_ := Embedding(G_, 2);
iso_f := x -> (((x^p1)^WA1.iso)^e1_ * ((x^p2)^WA2.iso)^e2_);
iso_ := GroupHomomorphismByFunction(G, G_, iso_f);
return WeightedActionSimplify(rec(extset := ExtSet,
weight := f, iso := iso_));
end;
WeightedActionWreathPower := function(WA, n)
local G, X, f, act, finAct, e, finG, finX, finF, i, p, h,
dirProd, emb, embFix, emb_f, emb_inv, ExtSet, G_, iso_;
X := WA.extset;
f := WA.weight;
G := ActingDomain(X);
act := FunctionAction(X);
finG := WreathProduct(G, SymmetricGroup(n));
dirProd := DirectProduct(List([1..n], x -> G));
emb_f := function(l)
local res, i;
res := 1;
for i in [1..n] do
res := res * (l^Projection(dirProd, i))^Embedding(finG, i);
od;
return res;
end;
emb := GroupHomomorphismByFunction(dirProd, finG, emb_f);
embFix := GroupHomomorphismByFunction(dirProd,
Image(emb), emb_f);
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finX := Tuples(X, n);
p := Projection(finG);
e := Embedding(finG, n+1);
finAct := function(pnt, g)
local res, i, h, g_p, dp_ele;
res := [1..n];
g_p := (g^p);
h := (g^(-1))*((g_p)^e);
#dp_ele := h^emb_inv;
dp_ele := h;
for i in [1..n] do
res[i] := act(pnt[i], dp_ele^ (Projection(dirProd, i)));
od;
res := Permuted(res, g_p);
return res;
end;
finF := pnt -> Product(List(pnt, f));
ExtSet := ExternalSet(finG, finX, finAct);
G_ := WreathProduct(Image(WA.iso), SymmetricGroup(n));
iso_ := IsomorphismGroups(finG, G_);
return WeightedActionSimplify(rec(extset := ExtSet,
weight := finF, iso := iso_));
end;
C.2. Searching for ah-groups in a given range
Here we give an implementation of a small library that answers the following question:
Given a non-abelian simple group G, and an integer n, are there any ah-groups H such that
Gn H Aut(Gn).
# Checks whether for all groups H such that G^k <= H <= Aut(G^k),
# H is not an ah-group
# Takes into account that the image into S_k must be surjective
# and that H must be a rational group.
CheckAutomorphismSubgroupsDirectPower := function(G, k)
local InnG, AutG, iso, AutGk, InnGk, AutG_k, g, hom, hom_img;
AutG := AutomorphismGroup(G);
InnG := InnerAutomorphismsAutomorphismGroup(AutG);
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AutG := Image(iso);
InnG := Image(iso, InnG);
AutGk := WreathProduct(AutG, SymmetricGroup(k));
InnGk := NormalClosure(AutGk, Image(Embedding(AutGk, 1), InnG));
AutG_k := NormalClosure(AutGk, Image(Embedding(AutGk, 1)));
hom := NaturalHomomorphismByNormalSubgroupNC(AutGk, AutG_k);
hom_img := Image(hom);
g := function(K, S_G)
return Image(hom, K) = hom_img;
end;
return CheckAutomorphismSubgroups(InnGk, AutGk, g);
end;
ScanIntermediateSubgroups := function(N, G, g)
local hom, Q, Q_SG, Q_S, K, i, t;
hom := NaturalHomomorphismByNormalSubgroupNC(G, N);
Q := Image(hom);
Print("Calculating subgroups...\n");
Q_SG := List(ConjugacyClassesSubgroups(Q), Representative);
Print("Done\n\n");
for i in [1..Size(Q_SG)] do
Print(i, " / ", Size(Q_SG), ": ");
Q_S := Q_SG[i];
K := PreImage(hom, Q_S);
if (not g(K, Q_S)) then
Print("g failed\n");
else
Print("@@@ g SUCCEEDED!\n");
return true;
fi;
Unbind(K);
Unbind(Q_S);
od;
Unbind(Q_SG);
return false;
end;
IsAhGroup := function(G)
local CC, CCSizes;
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CCSizes := List(CC, x -> Size(x));
Sort(CCSizes);
Unbind(CC);
return IsSSortedList(CCSizes);
end;
IsAhGroupRandom := function(G)
local CC, CCSizes, g, C;
CC := [];
CCSizes := [];
while true do
g := PseudoRandom(G);
C := ConjugacyClass(G, g);
if not (C in CC) then
if Size(C) in CCSizes then
Unbind(CC);
Unbind(CCSizes);
return false;
fi;
Add(CC, C);
Add(CCSizes, Size(C));
fi;
od;
end;
IsRationalGroup := function(G)
local IrrG, Ir;
IrrG := Irr(G);
for Ir in IrrG do
if not IsSubset(Rationals, Ir) then
Unbind(IrrG);
return false;
fi;
od;
Unbind(IrrG);
return true;
end;
CheckAutomorphismSubgroups := function(InnG, AutG, old_g)
576 Z. Arad et al. / Journal of Algebra 280 (2004) 537–576local f, g;
g := function(K, S_G)
if not old_g(K, S_G) then return false;
else
if not IsRationalGroup(S_G) then return false;
else return IsAhGroupRandom(K); fi;
fi;
end;
return ScanIntermediateSubgroups(InnG, AutG, g);
end;
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